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Abstract
In a recent paper we constructed an integrable generalization of
the Toda law on the square lattice. In this paper we construct other
examples of integrable dynamics of Toda-type on the square lattice,
as well as on the triangular lattice, as nonlinear symmetries of the dis-
crete Laplace equations on the square and triangular lattices. We also
construct the τ - function formulations and the Darboux-Ba¨cklund
transformations of these novel dynamics.
1 Introduction
The Toda lattice [1, 2, 3]
d2qm
dt2
= ∆me
∆mqm−1, (1)
∗Dipartimento di Fisica, Universita` di Roma “La Sapienza” and Istituto Nazionale di
Fisica Nucleare, Sezione di Roma, Piazz.le Aldo Moro 2, I–00185 Roma, Italy, e-mail:
paolo.santini@roma1.infn.it
†Uniwersytet Warmin´sko-Mazurski w Olsztynie, Wydzia l Matematyki i Informatyki,
ul. Z˙o lnierska 14 A, 10-561 Olsztyn, Poland e-mail: doliwa@matman.uwm.edu.pl
‡Katedra Metod Matematycznych Fizyki, Uniwersytet Warszawski ul. Hoz˙a 74, 00-682
Warszawa, Poland, e-mail: maciejun@fuw.edu.pl; Department of Applied Mathematics,
University of Leeds, Leeds LS2 9JT, UK e-mail: maciejun@maths.leeds.ac.uk, tel: +44
113 343 5149 fax: +44 113 343 5090
1
where ∆mfm = fm+1−fm is the difference operator and qm(t) is a dynamical
function on a one dimensional lattice, is one of the most famous integrable
nonlinear lattice equations. It describes the dynamics of a one - dimensional
physical lattice, the masses of which are subjected to an interaction potential
of exponential type. The infinite, finite and periodic Toda lattice (1), as well
as its numerous extensions [4, 5, 6, 7, 8, 9, 10, 11, 12], have applications in
various other physical and mathematical contexts [13, 14, 15, 16, 17, 18, 19].
Motivated by these results we find it important to construct integrable
generalizations of the Toda law (1) to regular planar lattices; i.e., to the
square, triangular and honeycomb lattices. Since the spectral problem as-
sociated with (1) is an “integrable” discretization of the one-dimensional
Schro¨dinger operator [20, 21] (where by integrable we mean that the op-
erator admits, as its continuous counterpart, a large set of continuous and
discrete symmetries, like the Laplace and Darboux transformations (DTs)),
such a project requires the identification of proper integrable discretizations
of self-adjoint second order operators on the plane first. A key progress in
this direction was made in [22], where it was established that the self-adjoint
scheme on the star of the triangular lattice admits Laplace transformations,
and in [23, 24], where it was established that the self-adjoint schemes on
the stars of the square, triangular and honeycomb lattices admit DTs, as
their natural continuous counterparts. In addition, in [24], a novel discrete
time dynamics on the triangular lattice was introduced, in connection with
its Laplace transformation. To construct integrable nonlinear dynamics as-
sociated with these self-adjoint operators, gauge equivalent to the discrete
Laplace equations on weighted graphs, is the main goal of the paper.
It is necessary to mention that these three planar schemes (on the square,
triangular and honeycomb lattices) are directly connected (see [25] and [24]),
via the sublattice approach [25], to the so-called discrete Moutard [27, 29] (or
B-quadrilateral [26]) lattice in ZN , and therefore they are all reductions of
the multidimensional (planar) quadrilateral lattice [28, 30, 31, 32]. We also
remark that the above three linear schemes are distinguished examples of
Laplace equations on graphs, obtainable from the discrete Moutard equations
on bipartite planar quad-graphs [33, 34, 35, 36].
Using the self-adjoint scheme on the star of the square lattice as spec-
tral operator, we have recently constructed in [37] the following example of
integrable Toda-type dynamics on the square lattice (together with its asso-
ciated τ - function formulation, its Darboux and Darboux-Ba¨cklund trans-
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formations and some examples of explicit solutions):
ξm,n
d
dt
(
1
ξm,n
dqm,n
dt
)
= ∆m
(
ξm,nξm−1,ne
∆mqm−1,n
)
+∆n
(
ξm,nξm,n−1e
∆nqm,n−1
)
,
ξm,n
ξm+1,n+1
= e∆m∆nqm,n .
(2)
where qm,n(t), ξm,n(t) are dynamical functions on the square lattice.
Motivated by the above results, in this paper we construct and study
other examples of integrable dynamics of Toda-type on the square lattice,
as well as on the triangular lattice. In addition, we present their τ function
formulations, in which the τ function of the BKP hierarchy [38] plays a central
role, due to the already mentioned common origin of these schemes. The
integrability of the dynamics in question manifests here in the construction
of the Lax pair and Darboux - Ba¨cklund transformations (DBTs).
We remark that, due to the intimate connections between the self-adjoint
schemes on the triangular and honeycomb lattices [24], it is possible, in prin-
ciple, to construct integrable Toda-type dynamics on the honeycomb lattice
from those on the triangular lattice. This project will be developed elsewhere.
Another interesting problem for future research is to establish connections
between these Toda-like systems and the corresponding Lotka-Volterra sys-
tems (see e.g. [39, 40]), as well as the connection, via the sublattice approach,
between these Toda-like systems and the integrable dynamics on the discrete
Moutard lattice introduced in [41].
The paper is organized as follows. In §2 we construct an integrable dy-
namics of Toda - type on the square lattice, invariant under π/2 - rotation,
its τ - function formulation, and its two natural reductions transforming into
each other under a π/2 - rotation. One of these two reductions coincides
with the 2D Toda system (2) introduced in [37]. In §3 we construct an in-
tegrable dynamics of Toda type on the triangular lattice, invariant under a
π/3 - rotation, its τ - function formulation and its natural reductions. The
DBTs for all the above systems are presented in §4.
2 Dynamics on the square lattice
In this section we construct examples of integrable dynamics of Toda - type
on the square lattice. To simplify the form of the equations,from now on,
we will be using the following notation: f instead of fm,n, f±1 instead of
fm±1,n, f±2 instead of fm,n±1, f±1±2 instead of fm±1,n±1, f±1±1 instead of
3
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Figure 1: The square lattice and the points involved in the commutation.
fm±2,n and f±2±2 instead of fm,n±2. Moreover we denote by T1 and T2 the
basic translation operators acting on the lattice, i.e. Tif = fi, i = 1, 2.
The wanted dynamics are associated with the linear self-adjoint 5-point
scheme
AΨ1 + A−1Ψ−1 +BΨ2 +B−2Ψ−2 = FΨ (3)
on the star of the square lattice, involving its black centre • and the four
vertices of the star, denoted by the symbol ✷ in Fig 1. In equation (3) the
eigenfunction Ψ is defined at the vertices of the graph, while the fields A,B
are defined on the non oriented edges of the lattice. Equation (3), a natural
discretization of the self-adjoint second order equation
(aψx)x + (bψy)y = fψ, (4)
admits, like its continuous counterpart, DTs [23].
We restrict our investigation to evolution equations for Ψ involving only
the 4 vertices ✷ of the 5-point scheme:
dΨ
dt
= αΨ1 + βΨ−1 + γΨ2 + δΨ−2, (5)
where the fields α, β, γ, δ, defined on the oriented edges of the lattice, will
be specified in the following. A term proportional to Ψ in (5) can always be
expressed, using (3), in terms of the values of Ψ at the 4 vertices ✷ of the
star; therefore it is omitted.
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We remark that, due to the π/2 - rotation symmetry of the square lattice,
under which the two basic translations T1, T2 transform as follows:
T1 → T˜1 = T2, T2 → T˜2 = T
−1
1 , (6)
the coefficients of the 5-point scheme and of the evolution equation (5) are
subjected to the following transformations:
A → A˜ = B, B → B˜ = A−1, F → F˜ = F,
α → α˜ = γ, β → β˜ = δ, γ → γ˜ = β, δ → δ˜ = α.
(7)
The compatibility between equations (3) and (5) leads to an equation
involving the values of Ψ at all the marked points ◦, •, ✷, X , in Fig.1.
Using the scheme (3) centered at the origin and at the points ✷, one ex-
presses the values of Ψ at the origin and at the points X in terms of the 8
independent values of Ψ at the points ✷ and ◦. As a result of this procedure,
the compatibility condition becomes a linear equation for the 8 independent
values of Ψ at the points ✷ and ◦. Equating to zero their 8 coefficients, one
obtains a determined system of 8 nonlinear equations for the 8 coefficients
A,B,C, F, α, β, γ, δ.
In the rest of this section we report the results of the analysis of such
system leading to Toda-type dynamics.
2.1 Rotationally invariant dynamics
Setting
α =
ξ
2
A, β = −
ξ
2
A−1, γ =
η
2
B, δ = −
η
2
B−2, (8)
where ξ, η are lattice fields to be specified, the corresponding evolution for Ψ
dΨ
dt
=
ξ
2
(AΨ1 − A−1Ψ−1) +
η
2
(BΨ2 − B−2Ψ−2) (9)
is compatible with the 5-point scheme (3) iff (up to a trivial gauge transfor-
mation) the coefficients A,B, F, ξ, η satisfy the following determined system
of 5 nonlinear equations:
dF
dt
+ ξ1A
2 − ξ−1A
2
−1 + η2B
2 − η−2B
2
−2 = 0,
1
A
dA
dt
+ 1
2
∆1(ξF ) = 0,
1
B
dB
dt
+ 1
2
∆2(ηF ) = 0,
AB(ξ + η) = A2B1(ξ + η)12, A2B(ξ − η)2 = AB1(ξ − η)1.
(10)
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Equations (10b),(10c) suggest the introduction of the new fields q, r de-
fined by
dq
dt
= −ξF,
dr
dt
= −ηF. (11)
With this choice:
A = ae
1
2
∆1q, B = be
1
2
∆2r, (12)
where a, b are arbitrary constants. Choosing, w.l.g., a, b = 1, the system (10)
takes the form of the following novel integrable generalization of the Toda
law to the square lattice:
ξη d
dt
(
1
ξ
dq
dt
)
= η∆1
(
ξξ−1e
∆1q−1
)
+ ξ∆2
(
ηη−2e
−∆2r−2
)
,
ξ dr
dt
= η dq
dt
,
(ξ+η)
(ξ+η)12
= e∆1∆2(
q+r
2 ), (ξ−η)1
(ξ−η)2
= e∆1∆2(
q−r
2 ).
(13)
Remark 1. In the natural 1-dimensional limit in which all the fields are
invariant under the T2 translation, equations (13c,d) imply that ξ and η are
constant, and equation (13a) reduces to the 1-dimensional Toda lattice (1).
Remark 2 Using (12) with a = b = 1, the 5-point scheme (3) takes the
following form:
Γ
Γ1
Ψ1 +
Γ
−1
Γ
Ψ−1 +
Γˆ
Γˆ2
Ψ2 +
Γˆ
−2
Γˆ
Ψ−2 = FΨ,
Γ = e−
q
2 , Γˆ = e−
r
2 .
(14)
It is easy to verify that the spectral problem (14) reduces, in the natural
continuous limit, to the stationary Schro¨dinger equation in the plane: Ψxx+
Ψyy + uΨ = 0. It is therefore a natural integrable discretization of the
Schro¨dinger operator, more general than that introduced in [23].
Remark 3 Using (6), (7), (8) and (11), it is easy to verify that, under a π/2
- rotation,
ξ → ξ′ = η, η → η′ = −ξ, q → q′ = r, r → r′ = −q; (15)
from which it follows that the system (10) (or (13)) is invariant under this
transformation.
6
2.2 Reductions not invariant under rotation
The system (10) (or (13)) admits two distinguished reductions for ξ = ±η.
1. The reduction ξ = η. In this case, the Lax pair (3),(9) reduces to
AΨ1 + A−1Ψ−1 +BΨ2 +B−2Ψ−2 = FΨ,
dΨ
dt
= ξ
2
(AΨ1 − A−1Ψ−1 +BΨ2 − B−2Ψ−2) .
(16)
and the nonlinear dynamics (10) reduces to
dF
dt
+ ξ1A
2 − ξ−1A
2
−1 + ξ2B
2 − ξ−2B
2
−2 = 0,
1
A
dA
dt
+ 1
2
∆1(ξF ) = 0,
1
B
dB
dt
+ 1
2
∆2(ξF ) = 0,
ABξ = A2B1ξ12;
(17)
Integrating equations (17b), (17c) and using (11), which implies that r =
q (Γˆ = Γ), one recovers the Toda type system (2), rewritten here, for com-
pleteness, in the new notation:
ξ d
dt
(
1
ξ
dq
dt
)
= ∆1
(
ξξ−1e
∆1q−1
)
+∆2
(
ξξ−2e
∆2q−2
)
,
ξ
ξ12
= e∆1∆2q,
(18)
and the associated 5-point scheme is the discrete Schro¨dinger equation
Γ
Γ1
Ψ1 +
Γ
−1
Γ
Ψ−1 +
Γ
Γ2
Ψ2 +
Γ
−2
Γ
Ψ−2 = FΨ,
A = Γ
Γ1
, B = Γ
Γ2
, Γ = e−
q
2 , F = − q
ξ
,
(19)
introduced in [23].
2. The reduction ξ = −η. In this case, the time evolution of Ψ reads
dΨ
dt
=
ξ
2
(AΨ1 −A−1Ψ−1 − BΨ2 +B−2Ψ−2) , (20)
and the nonlinear dynamics (10) reduces to:
dF
dt
+ ξ1A
2 − ξ−1A
2
−1 − ξ2B
2 + ξ−2B
2
−2 = 0,
1
A
dA
dt
+ 1
2
∆1(ξF ) = 0,
1
B
dB
dt
− 1
2
∆2(ξF ) = 0,
A2Bξ2 = AB1ξ1.
(21)
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Equivalently, using (11) and noting that, in this case, r = −q (Γˆ = 1/Γ), one
obtains the Toda - type system:
ξ d
dt
(
1
ξ
dq
dt
)
= ∆1
(
ξξ−1e
∆1q−1
)
−∆2
(
ξξ−2e
−∆2q−2
)
,
ξ1
ξ2
= e∆1∆2q,
(22)
whose 5-point scheme is another variant of the discrete Schro¨dinger equation:
Γ
Γ1
Ψ1 +
Γ
−1
Γ
Ψ−1 +
Γ2
Γ
Ψ2 +
Γ
Γ
−2
Ψ−2 = FΨ. (23)
We end this section remarking that, due to the transformations (7), (15),
the reduced systems (18) and (22) transform into each other under a π/2 -
rotation.
2.3 τ - function formulations
Motivated by the sublattice approach [25] for the self-adjoint 5-point scheme
(3), we introduce two potentials τ and τˆ via equations
A =
τ1τ
τˆ τˆ−2
, B =
τ2τ
τˆ τˆ−1
. (24)
These allow to resolve the algebraic part (10c) of the dynamic equations (10),
with the fields ξ and η expressed as follows
ξ =
τˆ−1τˆ−2 + τˆ−1−2τˆ
2τ 2
, η =
τˆ−1τˆ−2 − τˆ−1−2τˆ
2τ 2
. (25)
Then the remaining equations (10a) and (10b) form a system of three equa-
tions for three fields τ , τˆ and F
4
d
dt
(
log
τ1τ
τˆ τˆ−2
)
+∆1
[
F
(
τˆ−1τˆ−2
τ 2
+
τˆ−1−2τˆ
τ 2
)]
= 0,
4
d
dt
(
log
τ2τ
τˆ τˆ−1
)
+∆2
[
F
(
τˆ−1τˆ−2
τ 2
−
τˆ−1−2τˆ
τ 2
)]
= 0,
2
τ 2
dF
dt
+
1
τˆ τˆ−2
(
τˆ1−2
τˆ−2
+
τˆ1
τˆ
)
−
1
τˆ−1τˆ−1−2
(
τˆ−1−1
τˆ−1
+
τˆ−1−1−2
τˆ−1−2
)
+
1
τˆ τˆ−1
(
τˆ−12
τˆ−1
−
τˆ2
τˆ
)
−
1
τˆ−2τˆ−1−2
(
τˆ−2−2
τˆ−2
−
τˆ−1−1−2
τˆ−1−2
)
= 0.
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Introduction of the fields q and r (or Γ and Γˆ), which allowed to simplify
equations (10b), suggests the introduction of yet other potentials h and hˆ
such that
τ 2 =
hˆ1hˆ2
hh12
, τˆ =
(
hˆ
h
)
12
. (26)
It follows that
Γ2 =
h12hˆ2
hhˆ1
, Γˆ2 =
h12hˆ1
hhˆ2
, (27)
and that equations (10c) are identically satisfied, with the fields ξ and η given
as follows
ξ =
1
2
(
hh12
h1h2
+
hˆhˆ12
hˆ1hˆ2
)
, η =
1
2
(
hh12
h1h2
−
hˆhˆ12
hˆ1hˆ2
)
. (28)
Moreover, equations (10b) reduce to two equivalent expressions for F
h1h2
hh12
d
dt
(
log
h12
h
)
=
hˆ1hˆ2
hˆhˆ12
d
dt
(
log
hˆ2
hˆ1
)
=
F
2
, (29)
while equation (10c) reads
4
d
dt
(
h1h2
hh12
d
dt
(
log
h12
h
))
+
(
hhˆ1
h1hˆ
+
h2hˆ12
h12hˆ2
)
1
h1hˆ2
hhˆ12
−
(
h1hˆ
hhˆ1
+
h12hˆ2
h2hˆ12
)
−1
h2hˆ1
h12hˆ
+
(
hhˆ2
h2hˆ
−
h1hˆ12
h12hˆ1
)
2
h2hˆ1
hhˆ12
−
(
h12hˆ1
h1hˆ12
−
h2hˆ
hhˆ2
)
−2
h1hˆ2
h12hˆ
= 0. (30)
Therefore the introduction of the potentials h and hˆ allows one to rewrite the
Toda-like system (10) as a coupled nonlinear system of two equations (the
first equation of (29) and equation (30)).
3 Dynamics on the triangular lattice
In this section we construct some examples of integrable dynamics of Toda
type on the regular triangular lattice. We recall that, on the triangular
9
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Figure 2: The triangular lattice and the points involved in the commutation
lattice, the three main translations T1, T2, T3 in the directions 1, 2 and 3 are
not independent, being connected by the relation
T1T3 = T2, (31)
and hence f3 = f−12, f−3 = f1−2.
The integrable dynamics of Toda type are associated with the linear and
self-adjoint 7-point scheme
AΨ1 + A−1Ψ−1 +BΨ2 +B−2Ψ−2 + CΨ3 + C−3Ψ−3 = FΨ, (32)
on the star of the triangular lattice, involving the black centre • and the
6 vertices denoted by the symbol ✷ in Fig. 2. In equation (32) the eigen-
function Ψ is defined at the vertices of the graph and the fields A,B,C are
defined on the non oriented edges of the lattice. Equation (32), a natural
discretization of the most general self-adjoint second order equation on the
plane:
(aψx)x + (bψy)y + (cψx)y + (cψy)x = fψ, (33)
admits, like its continuous counterpart, DTs [23].
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As in the previous section, we restrict our investigation to evolution equa-
tions for Ψ involving only the 6 points ✷ of the 7-point scheme:
dΨ
dt
= αΨ1 + βΨ−1 + γΨ2 + δΨ−2 + ǫΨ3 + νΨ−3. (34)
We remark that the regular triangular lattice possesses a π/3 - rotation
symmetry, under which the 3 basic translations transform as follows:
T1 → T˜1 = T2, T2 → T˜2 = T3, T3 → T˜3 = T
−1
1 . (35)
Correspondingly, the coefficients of the 7 - point scheme (32) and of the
evolution equation (34) transform as follows:
A→ B, B → C, C → A−1,
α → α˜ = γ, β → β˜ = δ, γ → γ˜ = ǫ, δ → δ˜ = ν,
ǫ → ǫ˜ = β, ν → ν˜ = α.
(36)
We proceed adopting the same strategy as in the previous section. The
compatibility between equations (32) and (34) leads to an equation involving
the values of Ψ at all the 19 marked points in Fig.2. Using the scheme (32)
centered at the origin and at the points ✷, one expresses the values of Ψ at
the origin and at the points X in terms of the 12 values of Ψ at the points
✷ and ◦. As a result of this procedure, the compatibility condition becomes
a linear equation for the 12 independent values of Ψ at the points ✷ and ◦.
Equating to zero their 12 coefficients, one obtains an overdetermined system
of 12 nonlinear equations for the 10 coefficients A,B,C, F, α, β, γ, δ, ǫ, ν. It
turns out that, due to the relation (31) among the three main shifts, such
overdeterminacy is resolved, and one construct integrable nontrivial dynam-
ics.
In the rest of this section we report the results of such analysis, leading
to the Toda-type dynamics on the triangular lattice.
3.1 Rotationally invariant dynamics
Setting
α =
ξ
2
A, β = −
ξ
2
A−1, γ =
η
2
B, δ = −
η
2
B−2, ǫ =
ζ
2
C, ν = −
ζ
2
C−3, (37)
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where ξ, η, ζ are lattice fields to be specified, the corresponding evolution for
Ψ
dΨ
dt
=
ξ
2
(AΨ1 − A−1Ψ−1) +
η
2
(BΨ2 − B−2Ψ−2) +
ζ
2
(CΨ3 − C−3Ψ−3) (38)
is compatible with the 7-point scheme (32) iff the coefficients A,B,C, F, ξ, η, ζ
satisfy the following determined system of 7 nonlinear equations:
dF
dt
+ 1
ξ
∆1
(
ξξ−1A
2
−1
)
+ 1
η
∆2
(
ηη−2B
2
−2
)
+ 1
ζ
∆3
(
ζζ−3C
2
−3
)
= 0,
1
A
dA
dt
+ 1
2
∆1(ξF )−
1
2
BC1
A
(η + ζ)2 +
1
2
B
−3C−3
A
(η + ζ)−3 = 0,
1
B
dB
dt
+ 1
2
∆2(ηF ) +
1
2
A3C
B
(ξ − ζ)3 −
1
2
AC1
B
(ξ − ζ)1 = 0,
1
C
dC
dt
+ 1
2
∆3(ζF ) +
1
2
B
−1A−1
C
(ξ + η)−1 −
1
2
A3B
C
(ξ + η)2 = 0,
AB1(ξ − η)1 = A2B(ξ − η)2,
AC(ξ + ζ) = A3C1(ξ + ζ)2,
B−3C1(η − ζ)1 = BC−3(η − ζ).
(39)
We remark that, due to equations (39e)-(39g), equations (39b)-(39d) can be
rewritten in the following conservation-like form:
d
dt
(lnA2) + ∆1(ξF )−∆2
(
B
−2C−3
A
−2
(ξ − η)
)
−∆3
(
B
−3C−3
A
(ξ + ζ)−3
)
= 0,
d
dt
(lnB2) + ∆2(ηF ) + ∆3
(
AC
−3
B
−3
(η − ζ)
)
−∆1
(
A
−1C
B
−1
(ξ − η)
)
= 0,
d
dt
(lnC2) + ∆3(ζF )−∆1
(
A
−1B−1
C
(ξ + ζ)−1
)
−∆2
(
A
−1B−2
C
−2
(η − ζ)
)
= 0.
(40)
Remark 4 Under the transformation (36), the coefficients ξ, η, ζ transform
as follows:
ξ → ξ˜ = η, η → η˜ = ζ, ζ → ζ˜ = −ξ, (41)
and, as it is easy to verify, the nonlinear system (39) is invariant under a π/3
- rotation.
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3.2 Reductions not invariant under rotation
The nonlinear system (39) admits the reductions [ξ = η], [η = ζ ] and [ζ =
−ξ], and the following combinations of them: [ξ = η, η = ζ ], [ξ = η, ζ =
−ξ], and [η = ζ, ζ = −ξ]. They give rise to six integrable dynamics on
the triangular lattice. It follows that these dynamics are not rotationally
invariant, but they transform one into the other in the way summarized in
Fig. 3.
=ηξ
ξ =
−
−ζ
=ζη
ξ =η
η=ζ
η=ζ
ξ =−ζ
ξ =η
ξ =−ζ
Invariant
system
Figure 3: The bold arrows describe the 6 reductions of the rotationally in-
variant system. The dashed arrows describe how such reductions transform
one into the other, under a π/3 rotation.
We write down explicitely the two reductions [ξ = η] and [ξ = η, η = ζ ],
since all the others can be generated from them through rotations.
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The reduction ξ = η. In this case, the evolution of Ψ reads:
dΨ
dt
=
ξ
2
(AΨ1 − A−1Ψ−1 +BΨ2 − B−2Ψ−2) +
ζ
2
(CΨ3 − C−3Ψ−3) , (42)
and the nonlinear system (39) reduces to the six equations
dF
dt
+ 1
ξ
(
∆1
(
ξξ−1A
2
−1
)
+∆2
(
ξξ−2B
2
−2
))
+ 1
ζ
∆3
(
ζζ−3C
2
−3
)
= 0,
d(lnA2)
dt
+∆1(ξF )−∆3
(
B
−3C−3
A
(ξ + ζ)−3
)
= 0,
d(lnB2)
dt
+∆2(ξF ) + ∆3
(
AC
−3
B
−3
(ξ − ζ)
)
= 0,
d(lnC2)
dt
+∆3(ζF )−∆1
(
A
−1B−1
C
(ξ + ζ)−1
)
−∆2
(
A
−1B−2
C
−2
(ξ − ζ)
)
= 0.
AC(ξ + ζ) = A3C1(ξ + ζ)2,
B−3C1(ξ − ζ)1 = BC−3(ξ − ζ).
(43)
The reduction (ξ = η, η = ζ). In this case, the evolution of Ψ reads:
dΨ
dt
=
ξ
2
(AΨ1 −A−1Ψ−1 +BΨ2 −B−2Ψ−2 + CΨ3 − C−3Ψ−3) , (44)
and the nonlinear system (39) reduces to the five equations
ξ dF
dt
+∆1
(
ξξ−1A
2
−1
)
+∆2
(
ξξ−2B
2
−2
)
+∆3
(
ζζ−3C
2
−3
)
= 0,
d(lnA2)
dt
+∆1(ξF )− 2∆3
(
B
−3C−3
A
ξ−3
)
= 0,
d(lnB2)
dt
+∆2(ξF ) = 0,
d(lnC2)
dt
+∆3(ξF )− 2∆1
(
A
−1B−1
C
ξ−1
)
= 0,
ACξ = A3C1ξ2.
(45)
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In analogy with the previous examples on the square lattice, equations
(45b) - (45d) suggest the introduction of the new fields q, ρ, σ defined by
dq
dt
= −ξF,
dρ
dt
= −2
BC
A3
ξ,
dσ
dt
= −2
AB
C1
ξ. (46)
With this choice:
A = ae
1
2
(∆1q−∆3ρ−3), B = be
1
2
∆2q, C = ce
1
2
(∆3q−∆1σ−1), (47)
where a, b, c are arbitrary constants. Choosing, w.l.g., a, b, c = 1, the system
(45) can be rewritten in the following Toda-like form:
ξ d
dt
(
1
ξ
dq
dt
)
+∆1
(
ξξ−1e
∆1q−1+ρ−2−r−1
)
+∆2
(
ξξ−2e
∆2q−2
)
+
∆3
(
ξξ−3e
∆3q−3+ρ−2−σ−3
)
= 0,
dρ
dt
= −2ξe∆3(q+
ρ
2
)− 1
2
∆1σ−1 ,
dσ
dt
= −2ξe∆1(q+
σ
2
)− 1
2
∆3ρ−3 ,
ξ2 = ξe
q3−q2+q1−q+
1
2
(∆21σ−1+∆
2
3ρ−3).
(48)
3.3 Reductions to dynamics on the Z2 graph
We remark that the reduction ξ = η, η = ζ is compatible with the condition
B = 0, for which all the connections in the direction 2 are broken, and the
triangular lattice reduces to the rhombic lattice in Fig.4a. Then the direction
2 should be renamed 13 and the system (45) becomes the integrable system
(17) on the rhombic lattice of Fig.4a (on the Z2 graph).
Analogously, it would be possible to show, f.e., that the reduction ξ =
−η = −ζ is compatible with the condition C = 0, for which all the connec-
tions in the direction 3 are broken, and the triangular lattice reduces to the
rhombic lattice in Fig.4b. The system obtained in this case is the integrable
system (21) on such a rhombic lattice.
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0 1
3 13
−1
−3−1−3
0−1
2 12
1−2−2
1
Figure 4: a) The rhombic lattice for B = 0. b) The rhombic lattice for
C = 0.
3.4 τ - function formulations
Motivated by the sublattice approach [24] for the self-adjoint 7-point scheme
(32), we introduce three potentials τ , τˆ and τˇ such that
A =
ττ1
τˆ τˇ2
, B =
ττ2
τˆ3τˇ2
, C =
ττ3
τˆ3τˇ3
. (49)
The algebraic part (39e)-(39g) of the nonlinear system (39) is then resolved
by the parametrization
ξ =
1
2τ 2
(τˇ3τˆ + τˇ2τˆ−1 + τˇ τˆ3),
η =
1
2τ 2
(τˇ3τˆ − τˇ2τˆ−1 + τˇ τˆ3), (50)
ζ =
1
2τ 2
(τˇ3τˆ − τˇ2τˆ−1 − τˇ τˆ3).
The remaining part of the system gives a system of four equations for the
four fields F , τ , τˇ and τˆ .
4 Darboux - Ba¨cklund transformations
In this section we present the DBTs for the above Toda-type systems.
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4.1 DBTs for the Toda-type system on the square lat-
tice
The Lax pair (3), (9) is covariant under the Darboux transformation
(Ψ, A, . . . , η) 7→ (Ψ˜, A˜, . . . , η˜) (51)
given by the linear system
∆2
(
KΨ˜
)
= −A−1θθ−1∆−1
(
Ψ
θ
)
,
∆1
(
KΨ˜
)
= B−2θθ−2∆−2
(
Ψ
θ
)
,
d
dt
(
KΨ˜
)
= θ−1θ−2A−1B−2
(ξ+η)
2
[(
Ψ
θ
)
−2
−
(
Ψ
θ
)
−1
]
+
θθ−1−2A−1B−1−2
(ξ
−1−η−1)
2
[(
Ψ
θ
)
−1−2
− Ψ
θ
]
,
(52)
where θ is a particular solution of (3), the gauge function K must obey
1
K
dK
dt
+ (θ−1A−1 + θ−2B−2)
ξ+η
4θ
− (θ−2A−1−2 + θ−1B−1−2)
(ξ+η)
−1−2
4θ
−1−2
+
(θ−1−2A−1−2 + θB−2)
(ξ−η)
−2
4θ
−2
− (θA−1 + θ−1−2B−1−2)
(ξ−η)
−1
4θ
−1
= 0,
(53)
and the transformation of the other fields is given by
A˜ = KK1
B
−2θθ−2
,
B˜ = KK2
A
−1θθ−1
,
F˜ = K2( 1
A
−1θ−1θ
+ 1
A
−1−2θ−1−2θ−2
+ 1
B
−2θ−2θ
+ 1
B
−1−2θ−1−2θ−1
),
ξ˜ − η˜ = θ−1−2θ
K2
A−1B−1−2(ξ − η)−1,
ξ˜ + η˜ = θ−1θ−2
K2
A−1B−2(ξ + η).
(54)
So the formulae (54) are the Ba¨cklund transformations (BTs) for the Toda-
type system (10) on the square lattice, i.e. A˜, B˜, F˜ , ξ˜, η˜ is a new solution of
(10). On the level of the τ -functions the transformation is given as follows
τ 7→ Kτˆ−1−2, τˆ 7→ θτ. (55)
We remark that, for ξ = ±η, the above transformations become the DBTs
for the reduced systems (17) and (21).
The spatial parts of the above DBTs were already written in [23]; the
temporal parts, describing the time dependence of the transformed solution
Ψ˜, and the transformation law for the coefficient ξ, η, ζ , are new ingredients
of this paper.
17
4.2 DBTs for the Toda type system on the triangular
lattice
First, for aesthetical reasons, we introduce function
S := C−2.
The Lax pair (32), (38) is covariant under the Darboux transformation
(Ψ, A, . . . , ζ) 7→ (Ψ˜, A˜, . . . , ζ˜) (56)
given by the linear system
∆1(KΨ˜) = −B−2θ−2Ψ− Sθ−2Ψ−1 + (B−2θ + Sθ−1)Ψ−2,
∆2(KΨ˜) = A−1θ−1Ψ− (A−1θ + Sθ−2)Ψ−1 + Sθ−1Ψ−2,
d
dt
(KΨ˜) = −1
2
{θ−1−2A−1B−1−2(ξ − η)−1Ψ+
θ−2A−1−1S(ξ + ζ)−1Ψ−1−1 − θ−1B−2−2S(η − ζ)−2Ψ−2−2+
[P−2B−1−2
B
−2−2
(η − ζ)−1−2 + θ−1−2SA−1−2(ξ − η)−2 + θ−2A−1−2B−1−2(ξ + ζ)−1−2]Ψ−1−
[P−1A−1−2
A
−1−1
(ξ + ζ)−1−2 − θ−1−2SB−1−2(ξ − η)−1 + θ−1A−1−2B−1−2(η − ζ)−1−2]Ψ−2−
[PB−1−2
B
−2
(ξ − η)−1 − θ−2SB−1−2(ξ + ζ)−1 + θ−1SA−1−2(η − ζ)−2]Ψ−1−2},
(57)
where θ is a particular solution of the Lax pair (32), (38), P is given by
P := θA−1B−2 + θ−1A−1S + θ−2B−2S,
and K is given by the quadrature
1
K
dK
dt
= −1
4
{Pθ−1−2
B
−1−2
B
−2
(ξ − η)−1[
A
−1
θ
−2P
− A−1−1
θ
−1−2P−1
− B−2
θ
−1P
+ B−2−2
θ
−1−2P−2
− S−1
θ
−1P−1
+ S−2
θ
−2P−2
]+
P−1θ−2
A
−1−2
A
−1−1
(ξ + ζ)−1−2[
A
−1
θ
−2P
− A−1−1
θ
−1−2P−1
+ B−2
θ
−1P
− B−2−2
θ
−1−2P−2
+ S−1
θ
−1P−1
− S−2
θ
−2P−2
]+
P−2θ−1
B
−1−2
B
−2−2
(η − ζ)−1−2[
A
−1
θ
−2P
− A−1−1
θ
−1−2P−1
+ B−2
θ
−1P
− B−2−2
θ
−1−2P−2
− S−1
θ
−1P−1
+ S−2
θ
−2P−2
]}.
(58)
The new eigenfunction Ψ˜ is a solution of the Lax pair (32), (38) with the
new coefficients
A˜ = KK1
θ
−2P
A−1,
B˜ = KK2
θ
−1P
B−2,
S˜ = K−1K−2
θ
−1−2P−1−2
S−1−2,
F˜ = K2
(
A
−1
θ
−2P
+ A−1−1
θ
−1−2P−1
+ B−2
θ
−1P
+ B−2−2
θ
−1−2P−2
+ S−1
θ
−1P−1
+ S−2
θ
−2P−2
)
ξ˜ − η˜ = PB−1−2θ−1−2
K2B
−2
(ξ − η)−1,
ξ˜ + ζ˜ = P−1Sθ−2
K2S
−1
(ξ + ζ)−1,
η˜ − ζ˜ = P−2Sθ−1
K2S
−2
(η − ζ)−2.
(59)
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Therefore formulae (59) constitute the BTs for the Toda type system (39)
on the triangular lattice.
We would like to mention that the first two equations of (57) can be easily
inverted
∆−1
Ψ
θ
= B˜ 1
K2
Ψ˜ + S˜12
1
K2
Ψ˜1 − (B˜
1
K
+ S˜12
1
K1
)Ψ2,
∆−2
Ψ
θ
= −A˜ 1
K1
Ψ˜− S˜12
1
K1
Ψ˜2 + (A˜
1
K
+ S˜12
1
K2
)Ψ1.
(60)
In addition, equation (58) and the fourth equation of (59) can be rewritten
by means of ”new” solutions as follows
d
dt
(
1
K
)
=
1
2
[
ξ˜
(
A˜
K1
−
A˜−1
K−1
)
+ η˜
(
B˜
K2
−
B˜−2
K−2
)
+ ζ˜
(
S˜2
K−12
−
S˜1
K1−2
)]
A˜
K1
+
A˜−1
K−1
+
B˜
K2
+
B˜−2
K−2
+
S˜2
K−12
+
S˜1
K1−2
=
F˜
K
: i.e., 1
K
is eigenfunction of tilded Lax pair.
On the level of the τ -functions, the transformation is given as follows
τ 7→ Kτˇ−1, τˆ 7→ θ−2τ−2, τˇ 7→
(
θτ τˇ−1 + θ−1τ−1τˇ + θ−2τ−2τˇ3
τˆ−1
)
−2
. (61)
As before, the DBTs (59) are consistent with all the reductions of the
Toda type system (39).
The spatial parts of the above DBTs were already written in [23]; the
temporal parts, describing the time dependence of the transformed solution
Ψ˜, and the transformation law for the coefficient ξ, η, ζ , are new ingredients
of this paper.
Acknowledgements. This work was supported by the cultural and scien-
tific agreements between the University of Roma “La Sapienza” and the Uni-
versity of Warsaw and the University of Warmia and Mazury in Olsztyn. At
an initial stage of preparation of the manuscript, M. N. was supported by Eu-
ropean Community under a Marie Curie Intra-European Fellowship contract
no MEIF-CT-2005-011228. A. D. and M. N. were supported by the Polish
Ministry of Science and Higher Education research grant 1 P03B 017 28.
References
[1] M. Toda, Theory of Nonlinear Lattices (Springer-Verlag, Berlin Heidel-
berg, 1989).
19
[2] M. Toda, Progress of Theoretical Physics Supplement 45, 174-200 (1970).
[3] M. Toda and M. Wadati, J. Phys. Soc. Japan 34, 18-25 (1973).
[4] R. Hirota, J. Phys. Soc. Japan 43, 2074-8 (1977); R. Hirota, J. Phys.
Soc. Japan 45, 321-3 (1978).
[5] D. Levi, L. Pilloni and P. M. Santini, J. Phys. A: Math. Gen. 14, 1567-75
(1981).
[6] E. Date, M. Jimbo and T. Miwa, J. Phys. Soc. Jpn. 51, 4125-31 (1982).
[7] R. Hirota, M. Ito and F. Kako, Progr. Theor. Phys. Suppl. 94, 42-58
(1988).
[8] A. V. Mikhailov, Zh. Eksp. Teor. Fiz. 30, 443-448 (1979).
[9] M. Bruschi, S. Manakov, O.Ragnisco and D.Levi, J. Math. Phys. 21,
2749 - 2753 (1980).
[10] S. M. N. Ruijsenaars, Commun. Math. Phys. 133, 217-47 (1990).
[11] Y.B. Suris, J. Phys. A: Math. Gen. 29, 451-465 (1996); 30 2235-2249
(1997).
[12] R.I. Yamilov, in Proceedings of 8th Workshop Nonlinear Evolution
Equations and Dynamical Systems, (Singapore, World Scientific, 1993).
[13] R. Hirota and K. Suzuki, Journal of the Physical Society of Japan 28,
1366-7 (1970).
[14] R. Hirota and J. Satsuma, Prog. Theor. Phys. Suppl. 55, 64-100 (1976).
[15] J.H.H. Perk, Phys.Lett. A 79 3-5 (1980); H. Au-Yang and J.H.H. Perk,
Physica 144, 44-104 (1987).
[16] G.W. Gibbons and K. Maeda, Nuclear Physics B 298 , 741-75 (1988).
[17] H. Lu, C.N. Pope and K.W. Xu, Mod.Phys.Lett. A11, 1785-1796 (1996).
[18] H. Lu and C.N. Pope Int.J.Mod.Phys. A12, 2061-2074 (1997).
[19] A. Lukas, B.A. Ovrut and D. Waldram, Phys. Lett. B 393, 65-71 (1997).
20
[20] H. Flaschka, Prog. Theor. Phys. 51, 703-16 (1974).
[21] S. V. Manakov, Soviet Phys. JETP 40, 269 (1975).
[22] S.P. Novikov I.A. Dynnikov, “Discrete spectral symmetries of low di-
mensional differential operators and difference operators on regular lat-
tices and two-dimensional manifolds, Russian Math. Surveys 52 (1997),
1057-1116.
[23] M. Nieszporski, P. M. Santini and A. Doliwa, “Darboux transformations
for 5-point and 7-point self-adjoint schemes and an integrable discretiza-
tion of the 2D Schro¨dinger operator”; Phys. Lett. A. 323 (2004) 241-250.
[24] A. Doliwa, M. Nieszporski and P. M. Santini, “Integrable lattices and
their sublattices II. From the B-quadrilateral lattice to the self-adjoint
schemes on the triangular and honeycomb lattices”, arXiv:0705:0573
[nlin.SI].
[25] A. Doliwa, P. G. Grinevich, M. Nieszporski and P. M. Santini, “Inte-
grable lattices and their sublattices: from the discrete Moutard (discrete
Cauchy-Riemann) 4-point scheme to the self-adjoint 5-point scheme”, J.
Math. Phys. 48 (2007).
[26] A. Doliwa, “The B-quadrilateral lattice, its transformations and the
algebro-geometric construction”, J. Geom. Phys. 57 (2007), 1171-1192.
[27] E. Date, M. Jimbo and T. Miwa, J. Phys. Soc. Jpn. 52, 766 (1983).
[28] A. Doliwa and P. M. Santini, “Multidimensional quadrilateral lattices
are integrable”, Phys. Lett. A 233 (1997), 365-372.
[29] J. J. C. Nimmo and W. K. Schief, “Superposition principles associeted
with the Moutard transformation. An integrable discretisation of a (2+1)-
dimensional sine-Gordon system”, Proc. R. Soc. London A 453 (1997),
255-279.
[30] A. Doliwa and P. M. Santini, “The symmetric, D-invariant and Egorov
reductions of the multidimensional quadrilateral lattice”,J. Geom. Phys.
36 (2000), 60-102.
21
[31] A. Doliwa and P. M. Santini, “Integrable systems and Discrete Geome-
try”, in Encyclopedia of Mathematical Physics, J. P. Franc¸oise, G. Naber
and T. S. Tsun eds, Elsevier, 2006, Vol. III, pp. 78-87.
[32] A. Doliwa, P. M. Santini and M. Manas “Transformations of quadrilat-
eral lattices”, J. Math. Phys. 41 (2000), 944-990.
[33] Ch. Mercat, “Discrete Riemann surfaces and the Ising model”, Comm.
Math. Phys. 218, (2001) 177-216.
[34] R. Kenyon, “The Laplacian and Dirac operators on critical planar
graphs”, Invent. Math. 150 (2002), 409-439.
[35] A. I. Bobenko, and Yu. B. Suris, “Integrable systems on quad-graphs”,
Intern. Math. Res. Notices, 11 (2002), 573-611.
[36] A. I. Bobenko, Ch. Mercat and Yu. B. Suris, “Linear and nonlinear
theories of discrete analytic functions. Integrable structure and isomon-
odromic Green’s function”, J. Reine Angew. Math. 583 (2005) 117-161.
[37] P. M. Santini, M. Nieszporski and A. Doliwa, “An integrable general-
ization of the Toda law to the square lattice”; Physical Review E 70, 1
(2004).
[38] T. Miwa, “On Hirota’s difference equations”, Proc. Japan Acad. 58
(1982) 9-12.
[39] Xing-Biao Hu, Chun-Xia Li, Jonathan J. C. Nimmo, and Guo-Fu Yu.
An integrable symmetric (2+1)-dimensional Lotka-Volterra equation and
a family of its solutions. J. Phys. A 38 (2005), 195-204.
[40] C. R. Gilson and J. J. C. Nimmo. The relation between a 2D Lotka-
Volterra equation and a 2D Toda Lattice. Journal of Nonlinear Mathe-
matical Physics, 12 Supplement (2005), 169-179.
[41] S. Grushevsky, I. Krichever, “Integrable discrete Schro¨dinger equations
and a characterization of Prym varieties by a pair of quadrisecants”,
arXiv:0705.2829v1 [math.AG].
22
